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Optimization Methods: Basics

1
E(X1) = E(X) + q'f(X) + quH(X)qu--- (1.1)
£(X1) = £(X) + H(X)q (12)
where
B ~0E(X) - O’E(X)
q=X; - X fi= X, HZ]_OXian (1.3)
Newton Method, aka Newton-Raphson Method
Let X; = X,
f(X) = —-H(X)q (1.4)
i.e.
q= —H ' (X)f(X) (1.5)
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Quadratic Convergence of Newton’s Method

If f is continuously differentiable and its derivative is not 0 at o and it has a second derivative
at « then the convergence is quadratic or faster.

At = L (A + OB (L6)
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Quasi-Newton Optimization

Murtagh-Sargent Method, Szabo §C
qn = —p—1Gp_1f—1
1. Set ag =1 and Go = 1. While (E; > Ey) set ag < /2
2.
Up = —ap1Gr_1fp1 — Gr_1(fp — 1)
a,;l = U;Qdk = Uz(fk —fr1)

T, = Ul U,
if alzl < 107°T}, or akUka_l > 1075, goto step 1
else
G, = Gy_1 + ;U U]
Q. — 1
3.
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Quasi-Newton Optimization

Method By, = Hyn =B, =
o T o ofT T o AT
YrlY ByAz, (B Az Axpy, yr Az Az Azl
BFGS [ T k(BrAay) [— 2 Vg (- 2 S
ygA:ck A:c}f B, Az, yg/_\.a:k y} Azy, y}f Axy,
— BpAxy Az, — Hoy)AzY H,
Broyden By, + %T# Azl Hy + (Ck Al o Hl
Azl Az Azl Hy ye
Broyden family | (1 — @) BEr e + ¢ BRFY, @ € [0,1]
y Az} Azyyl YU AziAzl  Hyyey! He
DFP F= By [1-— - H, + - -
Y Axg Yp Azy Y, Ay Az y v Hiye
. — Br A . — B Azi)T Azp — Hiy)(Azp — Hey)T
- B, + (yr — By, Azy)(yr, — Br Azy) H + (Azy — Hyyp)(Azy, — Hyiy)
(yr — Br Awi)T Ay (Azp — Hrye) Ty
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2nd-Order Hartree-Fock

approx. NR full NR
Gaussian: scf=qc
ORCA: SOSCF NRSCF
PySCF: scf.RHF().newton()
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Orbital Rotation: Basics

matrix exponential

et = iﬁ? (1.14)

T
BeA B! = ¢BABT (1.15)
*Be ™ =B+ [AB] + %[A, [A,B]] (1.16)

exponential representation of unitary matrices
For any unitary matrix U, we can always find an anti-Hermitian matrix X such that

U=c* X'=-X (1.17)

Proof:
UU =I=X+X =0 (1.18)
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Unitary Orbital Transformation

qu = ququp or C = CU
q

the unitary matrix U may be written in terms of an anti-Hermitian matrix & as

U=e"

operator form
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Exponential Parameterization of Density Matrix

MO-based
p(k)=e"pe=e" <(I) 8> e (1.22)
AO-based

R(k) = Cp(k)CT =Ce " pe~CT
R = CpCT (1.23)

R(k) = Ce*[CTSC]p[CSCT] e~ CT
= e XRSX with X = CkCT (1.24)
BCH expansion
1
R(X) =R+ [R, X]s + 5[[R. X5, X]s (1.25)

where [R, X]s = RSX — XSR
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Electronic Gradient

E =2trhR + trRG(R) (1.26)

HF electronic gradient
1
E(X)=E® £ 2trh[R, X]s + 2tr ho[[R, X]s, X]s + tr[R, X]sG(R) + tr RG([R, X])

+ 3 R, X5, X|gG(R) + 5 tr RG(([R, X5, X]s) + tr[R, X]4G([R, X])

— E® 1+ 2trF[R, X]s + tr F[[R, X]s, X]s + tr[R, X] ¢G([R, X]g) + - - (1.27)
0
(1) — _ _
B =5 W2trF[R, X]g = 4(SRF — FRS),,, (1.28)
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